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The purpose of this paper is to show how a kernel of the form (h - y)” and an integral 
equation is formulated from physical conditions. The modern expression for this process 
is called modelling. The frequency of occurrence of this integral equation deserves 
consideration because it is not too far fetched to use a backdrop of economics, demand 
and money flow instead of the present example in the field of fluid flow. The method of 
solution of the integral equation is by use of the Riemann-Liouville transform which has 
the alternate name fractional calculus [l]. This method is very efficient in certain 
practical cases. 
A brief discussion of the Riemann-Liouville transform for integration and differen- 
tiation of arbitrary order will be useful. More detailed information can be found in [2]. 
The definite integral 
Jx”f(x) = & I ; (x - t)“-‘f(t) dt ‘ (1) 
defines integration and differentiation of arbitrary order. Re( v) > 0 ensures convergence 
of the integral for a wide class of functions f. When c = 0, we have Riemann’s definition 
and when c = --a, we have Liouville’s definition. The notation CD;“, which denotes the 
operator of integration of arbitrary order and the corresponding operator ,D:, denotes 
differentiation of arbitrary order was invented by Harold T. Davis in 1936 [3]. The 
subscripts on D denote the terminals of integration and are vital to avoid ambiguities in 
applications. Differentiation of arbitrary order is given by 
.DJj(x) = .DYp_f(x) = ,Dt’,D;“f(x) 
(x - t)“-‘f(t) dt , (2) 
where for convenience m is taken as the least integer greater than Re(v), Y = m -p, 
0 <p 5 1 and ,D’JJ is the ordinary derivative operator d”/dx”. For a wide class of 
functions the integral above is a beta integral and is readily evaluated. 
For functions of the type x’, Re(a) > -1, we have for integration of arbitrary order 
(with c = 0) 
,,D;“x” = 
T(a + 1) 
T(a + u + l)x 
‘+“, Re( v) > 0, 
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and differentiation of arbitrary order 
(JI:x” = 
T(a + 1) 
T(a _ v + I)xae”, Re(v) > 0. 
The operation of order zero leaves the function unchanged: 
Fractional operators are linear: 
iJly = f. 
oD,“(af + pg) = aoD,“f + poD,“g. (6) 
(4) 
(5) 
The composition rule for exponents for integration of arbitrary order is 
“D,“(“D;+f) = ‘)D;“-*f, (7) 
where Re(v) > 0 and Re(p) > 0. 
The problem we will consider is to determine the shape f(y) of an opening in a dam in 
which the volume flow rate Q through the opening is known. Q is expressed as a 
function of the height h of the opening. We first show how the integral equation 
Q(h)=c h 
I 
(h - y)“*f(r) dy (8) 
0 
is established. In the above, Q(h) is known and f(y) is to be determined. 
Consider front and side views of the notch in Figs. 1 and 2. Assuming that Bernoulli’s 
equation can be applied between the points a and y in Fig. 1,’ we obtain 
where pa, pY, V,, V, are the pressures and velocities at 
gravitational acceleration and p is the fluid density. 
(9) 
points a and y ; g is the 
The pressures at a and y are both taken to be nearly atmospheric so that pa = pY, and 
the velocity at a is assumed to be negligible (V,, = 0) since the fluid behind the notch is 
Fig. 1. Side view. Fig. 2. Front view. 
‘Bernoulli’s equation is strictly valid for steady, frictionless flow in a stream tube. It is used, however, in 
engineering for flows with friction by modification of solution with a suitable friction factor. 
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slow moving. Thus, (9) becomes 
gh = gy + V2,/2, 
so that 
V, = (2g)“*(h - y)“* 
(10) 
(11) 
gives the velocity of the fluid at distance y above the notch floor (x axis). 
The elemental area (shaded region in Fig. 2) is given by 
dA = 2f(y) dy. (12) 
So, by definition, the elemental volume flow rate through dA is 
dQ = V dA = 2(2g)“*(h - y)“*f(y) dy. (13) 
Denoting 2(2g)“* by c and integrating 
flow rate through the notch: 
Q(h) = c 
(13) from y =0 to y = h gives the total volume 
I 
h 
(h - Y)“*~(Y) dy. 
0 
(14) 
We find f(y) by finding f(h). By the definition of fractional integration (l), Eq. (14) can 
be written in the form 
Operating on both sides of (15) with oDr2 gives the result 
f(h)=&~O~h 
3/2Q(h) 
c . 
(15) 
(16) 
But o#,'* = oDioDi”*, where ODE is d*/dh*. Denoting Q(h)/c by g(h), we can write (16) as 
follows: 
1 d* 
f(h) = I(3/2) dh* I(1/2) --[-‘I,” (h - y)-“*g(y) dy). (17) 
Since Q(h)/c is known, then g(h) and g(y) are known. Then, after evaluating the beta 
integral on the right above, and taking its second derivative, we obtain f(h). Thus, we 
have f(y). 
As a specific example let g(h) = h”. Then (17) yields 
valid for a > -l/2. If a = 7/2, the weir is shaped like a parabola, and if a = 3/2, the weir 
is a rectangle. 
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